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Abstract
In this paper, we consider positive solutions of the logistic type p-Laplacian equation
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u, x ∈RN (N  2).
We show that under rather general conditions on a(x) and b(x) for large |x|, the behavior of the
positive solutions for large |x| can be determined. This is then used to show that there is a unique
positive solution. Our results improve the corresponding ones in J. London Math. Soc. (2) 64 (2001)
107–124 and J. Anal. Math., in press.
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1. Introduction
In this paper, we are concerned with positive solutions of the p-Laplacian equations of
the form
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u, x ∈ RN (N  2), (1.1)
E-mail address: wdong@turing.une.edu.au.0022-247X/$ – see front matter  2003 Elsevier Inc. All rights reserved.
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given continuous functions with b(x) > 0 on RN . By a positive solution of (1.1), we mean
a function u ∈W 1,ploc (RN) satisfying u > 0 in RN and∫
RN
|Du|p−2Du ·Dψ dx =
∫
RN
f (x,u)ψ dx, ψ ∈ C∞0 (RN),
where f (x,u)= a(x)up−1 − b(x)uq .
When p = 2 and the limits
a∞ = lim|x|→∞a(x), b∞ = lim|x|→∞b(x)
exist and are positive numbers, it is shown in [6] that problem (1.1) has a unique positive
solution u, and moreover
u(x)→ (a∞/b∞)1/(p−1) as |x| →∞.
For general p > 1 but with a(x) and b(x) replaced by positive constants, it is shown
in [4] that (1.1) has a unique positive solution, and it is a positive constant.
In this paper, we generalize these results to the cases where these limits may not ex-
ist, and we consider the general case p > 1. We suppose that for some γ > −p and
τ ∈ (−∞,∞), there exist positive numbers α1, α2 and β1, β2 such that
α1 = lim
|x|→∞
a(x)
|x|γ , α2 = lim|x|→∞
a(x)
|x|γ ,
β1 = lim
|x|→∞
b(x)
|x|τ , β2 = lim|x|→∞
b(x)
|x|τ . (1.2)
It is easily seen by standard consideration that under these conditions, (1.1) has at least
one (weak) positive solution. By standard regularity theory for p-Laplacian operators (see
[8,9]), the solutions belong to C1(RN).
Our first main result describes the asymptotic behavior of the positive solutions u(x) for
large |x|.
Theorem 1.1. Suppose u ∈ C1(RN ) is a positive solution of (1.1). If (1.2) is satisfied, then
lim
|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α1
β2
(1.3)
and
lim|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α2
β1
. (1.4)
Our second main result is a consequence of Theorem 1.1.
Theorem 1.2. Under condition (1.2), if we assume furthermore α1 = α2, β1 = β2, then
problem (1.1) has a unique positive solution.
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to (1.1).
The rest of this paper is organized as follows. In Section 2 we present several prelim-
inary results, including a comparison principle which enables us to extend the squeezing
method in [6] for semilinear problems to the quasilinear case.
In Section 3, under the condition (1.2), we use the extended squeezing method to
discuss the asymptotic behavior of solutions for (1.1) as |x| → ∞. This method plays
a very important role in this paper and we briefly describe it here. For small  > 0, let
AR = {x: (1− )R < |x|< (1+ )R}. Under condition (1.2) the Dirichlet problem
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u in AR, u|∂AR = 0,
and the boundary blow-up problem
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u in AR, u|∂AR =∞,
has a unique positive solution vR and wR respectively for large R. The comparison princi-
ple (Lemma 2.1) guarantees that any positive solution u of (1.1) satisfies
vR  uwR on AR.
Using a rescaling of vR and wR , we find that the rescaled vR and wR satisfy similar equa-
tions on a fixed annulus but with a large parameter in the equation. This allows us to use
the results in [5] to determine the behavior of vR and wR for large R, which enables us
to obtain (1.3) and (1.4). If furthermore α1 = α2, β1 = β2, then the comparison principle
(Lemma 2.1) implies that (1.1) has a unique positive solution.
In the last section we consider the exterior problem corresponding to (1.1). We show
that the techniques in Section 3 can be easily adapted to prove similar results.
We would like to point out that, when p = 2, the condition α1 = α2, β1 = β2 in Theo-
rem 1.2 can be weakened. In fact, for p = 2, under condition (1.2) and in addition
p
α1β1
α2β2
> 1,
we can use the method in [3] to show that problem (1.1) has a unique positive solution.
Unfortunately we are unable to extend this method to the case p = 2.
We refer to [1,5,7] and the references therein for some further recent related research.
2. Preliminary results
In this section, we consider the Dirichlet problem
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u in Ω, u|∂Ω = 0, (2.1)
where a(x), b(x) are continuous functions on Ω¯ with b(x) > 0 in Ω¯ , Ω ⊂ RN is a bounded
smooth domain. By a positive solution of (2.1), we mean a function u ∈W 1,p0 (Ω) satisfy-
ing u > 0 in Ω and
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∫
Ω
|Du|p−2Du ·Dψ dx =
∫
Ω
f (x,u)ψ dx, ∀ψ ∈C∞0 (Ω),
where f (x,u)= a(x)up−1 − b(x)uq .
We first recall the principal eigenvalue of the p-Laplacian with a weight function. Con-
sider a function α(x) ∈ L∞(Ω), and the following eigenvalue problem:
−∆pu− α(x)|u|p−2u= λ|u|p−2u in Ω, u|∂Ω = 0. (2.2)
We denote by λ1(Ω,α) the principal eigenvalue of this problem. It is well known that the
principal eigenvalue is simple, isolated, and can be expressed as
λ1(Ω,α)= min
u∈W 1,p0 (Ω)\{0}
∫
Ω
|∇u|p − α(x)|u|p dx∫
Ω
|u|p dx .
The associated eigenfunction φ1(Ω,α) can be chosen strictly positive in Ω , with
‖φ1(Ω,α)‖L∞(Ω) = 1.
Next, we recall a comparison principle (see, e.g., Proposition 2.2 in [4]) which will be
frequently used in this paper.
Lemma 2.1 (Comparison principle). Suppose that Ω is a bounded domain in RN . Let
u1, u2 ∈ C1(Ω) be positive in Ω and satisfy (in the weak sense)
∆pu1 + a(x)u1p−1 − b(x)u1q  0∆pu2 + a(x)u2p−1 − b(x)u2q in Ω, (2.3)
and
lim
d(x,∂Ω)→0(u2 − u1) 0,
where p > 1, q > p − 1, a(x), b(x) are continuous with b(x)  0, b(x) ≡ 0 on Ω and
‖a‖L∞(Ω) <∞. Then u2  u1 in Ω .
Finally we recall an existence result.
Theorem 2.2. Suppose that λ1(Ω,a)< 0. Then (2.1) has a unique positive solution.
Proof. Let φ be a positive eigenfunction corresponding to λ1(Ω,a). Then for all small
positive constant , it is easily checked that φ is a subsolution of the problem (2.1). Clearly
any positive constant greater than or equal to
M¯ =max
Ω¯
(
a(x)
b(x)
)1/(q−p+1)
is a supersolution of (2.1). Since there exists M > 0 such that f (x, s) +Msp−1 is an
increasing function in s for s ∈ [0, M¯] with f (x, s) = a(x)sp−1 − b(x)sq , the standard
monotone method in [2] implies that there exists a positive solution u of (2.1) satisfying
φ  u  M¯ . By the comparison principle Lemma 2.1, it is the unique positive solution
of (2.1). ✷
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In this section, we consider the asymptotic behavior of solutions for (1.1) as |x| →∞
and prove Theorems 1.1 and 1.2.
Lemma 3.1. If condition (1.2) is satisfied, then for any constant m> 1 there exists a large
R0 > 0 such that λ1(AR,a) < 0 for all R R0, where AR = {x ∈RN : R < |x|<mR}.
Proof. By (1.2), there exists a large R∗ > 0 such that a(x)  c|x|γ for some posi-
tive constant c and all |x| > R∗. Let λ1(AR) denote λ1(AR,0), and φ(x) denote the
normalized positive eigenfunction associated with λ1(AR). Through a simple rescaling
φ(x)= v(x/R), we obtain
−∆pv = λ1(AR)Rpvp−1, v|∂Ω = 0,
where Ω = {x ∈ RN : 1 < |x|<m}. It follows that
λ1(Ω)= λ1(AR)Rp.
Therefore
I =
∫
AR
[|Dφ|p − a(x)φp]dx =
∫
AR
[
λ1(AR)φ
p − a(x)φp]dx

∫
AR
(
λ1(Ω)
Rp
φp − cRγ φp
)
dx =
∫
AR
(
λ1(Ω)− cRp+γ
) φp
Rp
dx.
Hence there exists a large R0 > R∗ such that I < 0 for R  R0. By definition, we obtain
λ1(AR,a) < 0, ∀R R0. This completes the proof. ✷
Theorem 3.2. Suppose u ∈ C1(RN ) is a positive solution of (1.1). If (1.2) is satisfied, then
lim
|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α1
β2
(3.1)
and
lim|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α2
β1
. (3.2)
Proof. Let {xn} be an arbitrary sequence of points xn in RN satisfying rn = |xn| →∞ and
let  > 0 be such that 3 < min{α1, β1}. By (1.2), there exists a large R > 0 such that
a(x) a0|x|γ , b(x) b0|x|τ , ∀|x|>R,
where a0 = α1 − , b0 = β2 + .
For any fixed x0 ∈RN , let c0 = b0((1+ )/(1− ))τ and
A0 = {x: R1 < |x|<R2}, where R1 = (1− )|x0|, R2 = (1+ )|x0|.
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−∆pv = a0R1γ vp−1 − c0R1τ vq , v|∂A0 = 0. (3.3)
If v0(x) is a positive solution of (3.3), then by Lemma 2.1 it must be the unique positive
solution, and hence it must be radially symmetric, v0(x)= v0(|x|). Let
v0(r)= R1(γ−τ )/(q−(p−1))ω(r).
Then
−∆pω=R1γ ωp−1(a0 − c0ωq−(p−1)), ω|∂A0 = 0.
Through a simple rescaling ω(r)= z(r/R1), we obtain
−∆pz=R1γ+pzp−1(a0 − c0zq−(p−1)), z|∂Ω = 0, (3.4)
where Ω = {x: 1 < |x|< (1+ )/(1− )}. By Lemma 3.1 in [4], for all largeR1, (3.4) has
a unique positive solution z(x) and z(x)→ (a0/c0)1/(q−(p−1)) uniformly on any compact
subset of Ω as R1 →∞. By Lemma 3.1, λ1(A0, a(x)) < 0 for all largeR1. Therefore (3.3)
does have a unique positive solution v0(x) as described in Theorem 2.2, and there exists a
large R∗ >R such that for R1 >R∗,
v0
q−(p−1)(x0) (1− )a0
c0
R1
γ−τ .
It follows that
v0q−(p−1)(x0)
|x0|γ−τ  (1− )
γ−τ+1 a0
c0
. (3.5)
Since |xn| = rn →∞, there exists a positive integer n0 such that for n > n0, when x0 is
replaced by xn, Eq. (3.3) has a unique positive solution vn, and by (3.5),
vn
q−(p−1)(xn)
|xn|γ−τ  (1− )
γ−τ+1 a0
c0
.
If u is a positive solution of (1.1), then for all large n,
−∆pu a0R1γ up−1 − c0R1τ uq, u|∂Bn > 0,
where
Bn =
{
x: (1− )|xn|< |x|< (1+ )|xn|
}
.
By Lemma 2.1, we obtain vn(x) u(x) on Bn. Thus, for all large n, u(xn) vn(xn), and
uq−(p−1)(xn)
|xn|γ−τ 
vn
q−(p−1)(xn)
|xn|γ−τ  (1− )
γ−τ+1 a0
c0
.
Since {xn} is an arbitrary sequence with |xn| →∞, this implies that
lim
|x|→∞
uq−(p−1)(x)
|x|γ−τ  (1− )
γ−τ+1 a0
c0
.
Inequality (3.1) then follows as  > 0 can be arbitrarily small.
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satisfying |xn| →∞, and any given small positive , there exists a large R > 0 such that
a(x) a1|x|γ , b(x) b1|x|τ , ∀|x|>R,
where a1 = α2 + , b1 = β1 − . We consider the problem
−∆pv = a1R2γ vp−1 − c1R2τ vq , v|∂A0 =∞, (3.6)
where c1 = b1((1− )/(1+ ))τ and A0, R2 are defined as before. By Theorem 1.2 in [4],
problem (3.6) possesses a unique radially symmetric positive solution v0(x)= v0(|x|). Let
v0(r)= R2(γ−τ )/(q−(p−1))ω(r).
Then ω(r) satisfies
−∆pω=R2γ ωp−1(a1 − c1ωq−(p−1)), ω|∂A0 =∞.
Through a rescaling ω(r)= z(r/R2), we obtain
−∆pz=R2γ+pzp−1(a1 − c1zq−(p−1)), z|∂Ω =∞,
where Ω = {x: (1− )/(1+ ) < |x|< 1}. Since f (s) = a1sp−1 − c1sq satisfies condi-
tions (F1)–(F3) in [5], by Theorem 1.4 in [5], z(x)→ (a1/c1)q−(p−1) uniformly on any
compact subset of Ω as R2 →∞. Thus, there is a large R∗ >R such that for R1 >R∗,
v0q−(p−1)(x0)
|x0|γ−τ  (1+ )
γ−τ+1 a1
c1
.
Since |xn| = rn →∞, for all large n, the unique positive solution vn of (3.6) with x0
replaced by xn satisfies
vn
q−(p−1)(xn)
|xn|γ−τ 
a1
c1
(1+ )γ−τ+1.
If u is a positive solution of (1.1), then for all large n,
−∆pu a1R2γ up−1 − c1R2τ uq, u|∂Bn <∞,
where Bn = {x: (1− )|xn|< |x|< (1+ )|xn|}. By Lemma 2.1, we obtain
u(x) vn(x), ∀x ∈ Bn.
Thus
uq−(p−1)(xn)
|xn|γ−τ 
vn
q−(p−1)(xn)
|xn|γ−τ 
a1
c1
(1+ )γ−τ+1.
This implies that
lim|x|→∞
uq−(p−1)(x)
|x|γ−τ 
a1
c1
(1+ )γ−τ+1.
Inequality (3.2) now follows as  > 0 can be arbitrarily small. The proof of the theorem is
now complete. ✷
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most one positive solution.
Proof. Let u1, u2 be two positive solutions of (1.1). By Theorem 3.2, lim|x|→∞(u2/u1)
= 1. It follows that for all small , there exists a large R such that
(1+ )u1 > u2 for all |x|>R.
Since b(x)  0, clearly (1 + )u1 is a supersolution of (1.1). Therefore we can apply
Lemma 2.1 on large balls to conclude that (1 + )u1  u2 on all large balls. This implies
that this is true on all of RN . Interchanging the rules of u1 and u2 in the above argument,
we deduce also u2  u1. Thus we must have u1 = u2, that is, (1.1) has at most one positive
solution. ✷
Proposition 3.4. If λ1(Br , a) < 0 for some r > 0, then (1.1) possess a minimal positive
solution u and a maximal positive solution u¯.
Proof. By the properties of the principal eigenvalue, for all R  r , λ1(BR,a) 
λ1(Br , a) < 0. By Theorem 2.2, the problem
−∆pu= a(x)up−1 − b(x)uq, u|∂BR = 0, (3.7)
has a unique positive solution.
Let us choose an increasing sequence of positive real numbers rn with r1 > r and
rn →∞ as n→∞. By the above discussion, problem (3.7) with r = rn has a unique
positive solution un. By Lemma 2.1, we deduce un  un+1. If we can find an upper bound
for un on any fixed BR , then by a standard regularity argument, u(x)= limn→∞ un(x) is
well defined in RN and it would be a positive solution of (1.1).
To find such an upper bound, we consider the problem
−∆pv = a(x)vp−1 − b(x)vq, v|∂BR =∞. (3.8)
By the proof of Theorem 3.7 in [5], we find that (3.8) has a positive solution v. Then clearly
by Lemma 2.1,
un(x) v(x), ∀x ∈ BR,
for all large n so that rn > R. This is the bound we are looking for, and hence the existence
of a solution for (1.1) is proved.
From un  un+1 we find
u(x) un(x) > 0
for each n, and hence u is a positive solution of (1.1). For an arbitrary positive solution u
of (1.1), we can see that u satisfies
−∆pu= a(x)up−1 − b(x)uq, u|∂Brn > 0.
By Lemma 2.1, u un on Brn for each n, and hence
u u= lim
n→∞un.
So u is the minimal positive solution of (1.1).
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this end, we choose an increasing sequence of real number rn such that rn →∞ as n→∞
and denote Bn = Brn . We consider the boundary blow-up problem
−∆pω= a(x)ωp−1 − b(x)ωq, ω|∂Bn =∞. (3.9)
As before, (3.9) has a unique positive solution which we denote as ωn. Applying
Lemma 2.1, we see ωn  ωn+1  u for all n, and so
u¯= lim
n→∞ωn
is well defined on RN . Furthermore, by standard regularity considerations, we know u¯
satisfies (1.1) on RN and u¯ u, so u¯ is a positive solution of (1.1).
Clearly any positive solution u of (1.1) satisfies, for each n,
−∆pu= a(x)up−1 − b(x)uq, u|∂Bn <∞.
By Lemma 2.1, we obtain ωn  u on Bn for all n, and hence
u¯= lim
n→∞ωn  u.
The proof is now complete. ✷
When condition (1.2) is satisfied, by Lemma 3.1, λ1(Br , a) < 0 for all large r . There-
fore, we have the following result.
Corollary 3.5. Under condition (1.2), problem (1.1) has a minimal positive solution and
a maximal positive solution.
Clearly Theorem 1.2 follows directly from Corollaries 3.3 and 3.5.
4. The exterior problem
In this section, we study the following exterior problem:
−∆pu= a(x)|u|p−2u− b(x)|u|q−1u, x ∈ RN \ Ω¯, u|∂Ω =∞, (4.1)
where Ω is a bounded smooth domain in RN , a(x), b(x) are given continuous functions
with b(x) strictly positive. (Without loss of generality, we assume that b(x) is strictly
positive in the entireRN .) Again we are concerned with positive solutions of problem (4.1).
Lemma 4.1. Let Ω¯ ⊂ B , where B is a bounded smooth domain in RN . Then the problem
−∆pu= a(x)up−1u− b(x)uq, x ∈B \ Ω¯, u|∂Ω =∞, u|∂B = 0, (4.2)
has a unique positive solution.
Proof. We first consider the problem
−∆pu= a(x)p−1u− b(x)uq, x ∈B \ Ω¯, u|∂Ω = k, u|∂B = 0, (4.3)
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u≡ nmax
{
max
B¯\Ω
(
a(x)
b(x)
)1/(q−p+1)
, k
}
is a pair of sub- and supersolutions to (4.3). Since there exists M > 0 such that f (x, s)+
Msp−1 is an increasing function in s for s ∈ [0, n] with f (x, s)= a(x)sp−1 − b(x)sq and
for all x ∈ B¯ \Ω , Therefore, by Theorem 4.14 in [2], we obtain a positive solution to (4.3)
denoted by uk . By a similar argument as in the proof of Theorem 1.2 in [4], (6.2) has a
positive solution u given by
u(x)= lim
k→∞uk(x).
Let u1, u2 be two positive solution of (4.2). By Theorem 1.2 in [4], we obtain
lim
x→∂Ω
u1
u2
= 1.
It follows that for all small  > 0,
lim
x→∂Ω
[
(1+ )u1 − u2
]=∞
and
(1+ )u1 = u2 on ∂B.
Clearly (1+ )u1 is an supersolution of (4.2). We can now apply Lemma 2.1 to conclude
that (1 + )u1  u2 on Ω . As  is arbitrary, we deduce u1  u2 on Ω . Interchanging the
rules of u1 and u2 in the above arguments, we also deduce u2  u1 on Ω . Thus u2 = u1
on Ω . The proof is complete. ✷
By the same argument used in Theorem 3.2, we can easily obtain the following asymp-
totic behavior for the positive solutions of (4.1) near infinity.
Lemma 4.2. Suppose u ∈C1(RN) is a positive solution of (4.1). If (1.2) is satisfied, then
lim
|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α1
β2
and
lim|x|→∞
uq−(p−1)(x)
|x|γ−τ 
α2
β1
.
Next we present the existence and uniqueness theorem, namely
Theorem 4.3. Under condition (1.2), (4.1) has a minimal positive solution u and a max-
imal positive solution u¯. If in addition, α1 = α2 and β1 = β2, then (4.1) has a unique
positive solution.
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−∆pu= a(x)p−1u− b(x)uq in Br \ Ω¯, u|∂Ω =∞, u|∂Br = 0, (4.4)
where Br denotes the ball centered at the origin with radius r such that Ω¯ ⊂ Br , has a
unique positive solution.
Let us choose an increasing sequence of positive real numbers rn with r1 > r and
rn →∞ as n→∞. By Lemma 4.1, problem (4.4) with r = rn has a unique positive so-
lution un. By Lemma 2.1 and Proposition 4.6 in [4], we deduce un  un+1. If we can
find an upper bound for un on any fixed BR , then by a standard regularity argument,
u(x)= limn→∞ un(x) is well defined inRN \Ω¯ and it would be a positive solution of (4.1).
To find such an upper bound, we consider the problem
−∆pu= a(x)p−1u− b(x)uq in BR \ Ω¯, u|∂Ω =∞, u|∂BR =∞. (4.5)
As before, (4.5) has a positive solution v. Then by Lemma 2.1 and Proposition 4.6 in [4],
un(x) v(x), ∀x ∈ BR,
for all large n so that rn > R. This is the bound we are looking for, and hence the existence
of a solution for (4.1) is proved.
From un  un+1 we find
u(x) un(x) > 0
for each n, and hence u is a positive solution of (4.1). For an arbitrary positive solution u
of (4.1), we can see that u satisfies
−∆pu= a(x)up−1 − b(x)uq, u|∂Brn > 0, u|∂Ω =∞.
By Lemma 2.1 and Proposition 4.6 in [4], u un on Brn \ Ω¯ for each n, and hence
u u= lim
n→∞un.
So u is the minimal positive solution of (4.1).
Next we will show the existence of a maximal positive solution of (4.1). To this end, we
choose an increasing sequence of real number rn such that rn →∞ as n→∞ and denote
Bn = Brn . We consider the boundary blow-up problem
−∆pu= a(x)p−1u− b(x)uq in Bn \ Ω¯, u|∂Ω =∞, u|∂Bn =∞. (4.6)
As before, (4.6) has a positive solution which we denote as ωn. Applying Lemma 2.1 and
Proposition 4.6 in [4], we see ωn  ωn+1  u for all n, so
u¯= lim
n→∞ωn
is well defined on RN \ Ω¯ . Furthermore, by standard regularity considerations, we know
u¯ satisfies (4.1) on RN \ Ω¯ and u¯ u, so u¯ is a positive solution of (4.1).
Clearly any positive solution u of (4.1) satisfies, for each n,
−∆pu= a(x)up−1 − b(x)uq, u|∂Brn <∞, u|∂Ω =∞.
By Lemma 2.1 and Proposition 4.6 in [4], we obtain ωn  u on Bn \ Ω¯ for all n, and hence
u¯= lim ωn  u.n→∞
480 W. Dong / J. Math. Anal. Appl. 290 (2004) 469–480What remains is to show the uniqueness. Let u1 and u2 be two positive solutions of (4.1).
Since α1 = α2 and β1 = β2, by Proposition 4.6 in [4] and Lemma 4.2 above, we have
lim
x→∂Ω
u1
u2
= 1, lim|x|→∞
u1
u2
= 1.
It follows that for all small ,
lim
x→∂Ω
[
(1+ )u1 − u2
]=∞
and
(1+ )u1 > u2, ∀|x|>R,
where R is large enough. Because b(x) is positive, clearly (1 + )u1 is a supersolution
of (4.1). Therefore, we can apply Lemma 2.1 on B \ Ω¯ , where B denote any large ball, to
obtain
(1+ )u1  u2, ∀x ∈B \ Ω¯.
It follows that this is true on RN \Ω¯ . Since  > 0 is arbitrary, it follows u1  u2 onRN \Ω¯ .
Interchanging the rules of u1 and u2 in the above argument, we deduce also u2  u1. Thus
we must have u1 = u2, which implies that (4.1) has a unique positive solution. The proof
is complete. ✷
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